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Abstract
Recent work has established a uniform characterization of most 6D SCFTs in terms of
generalized quivers with conformal matter. Compactification of the partial tensor branch
deformation of these theories on a T 2 leads to 4D N = 2 SCFTs which are also generalized
quivers. Taking products of bifundamental conformal matter operators, we present evidence
that there are large R-charge sectors of the theory in which operator mixing is captured by
a 1D spin chain Hamiltonian with operator scaling dimensions controlled by a perturbation
series in inverse powers of the R-charge. We regulate the inherent divergences present in
the 6D computations with the associated 5D Kaluza–Klein theory. In the case of 6D SCFTs
obtained from M5-branes probing a C2/ZK singularity, we show that there is a class of
operators where the leading order mixing effects are captured by the integrable Heisenberg
XXXs=1/2 spin chain with open boundary conditions, and similar considerations hold for its
T 2 reduction to a 4D N = 2 SCFT. In the case of M5-branes probing more general D- and
E-type singularities where generalized quivers have conformal matter, we argue that similar
mixing effects are captured by an integrable XXXs spin chain with s > 1/2. We also briefly
discuss some generalizations to other operator sectors as well as little string theories.
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1
1 Introduction
One of the welcome surprises from string theory is the prediction of entirely new classes of
quantum field theories, such as interacting conformal fixed points in six spacetime dimensions
(see e.g. [1–3]). A remarkable feature of all higher-dimensional fixed points is that they
are “non-Lagrangian” in the sense that they cannot be constructed from perturbations of
a Gaussian fixed point produced from free fields. By the same token, this significantly
complicates the study of such theories since many textbook techniques based on perturbation
theory are seemingly inapplicable.
In spite of these difficulties, the mere existence of higher-dimensional fixed points provides
a useful tool in the study of lower-dimensional systems. For example, compactifications of
6D superconformal field theories (6D SCFTs) produces a wealth of new sorts of lower-
dimensional quantum field theories. Additionally, dualities of known 4D quantum field
theories can be understood in terms of suitable compactifications of 6D SCFTs (see e.g.
[4–7]). Clearly, it would be desirable to better understand the structure of such systems,
both as a subject of interest in its own right, and also in terms of possible lower-dimensional
applications.
One of the original ways to construct and study examples of such theories has been
through string compactification on singular geometries [1]. Recent progress includes a clas-
sification of all singular F-theory backgrounds which can generate a 6D SCFT [8, 9] (see
also [10, 11] and [12] for a review). A perhaps surprising outcome of this analysis is that
on a partially resolved phase of the singular geometry known as the partial tensor branch,
all known theories have a quiver-like structure which typically consists of a single spine of
ADE gauge group factors which are connected by 6D conformal matter (see figure 1 for a
depiction). The geometric realization provides direct access to the moduli space of these
theories.
Complementary methods of study for 6D SCFTs include the use of the conformal boot-
strap [13–15], as well as the construction and study of holographic duals (see e.g. [16–18]).
Both have proven useful in extracting some information on the operator content of 6D
SCFTs, though it is fair to say that a more complete understanding is still to be achieved.
In particular, extracting the explicit spectrum of operators and scaling dimensions in 6D
SCFTs has proven to be quite challenging.
Our aim in this paper will be to better understand the operator content of 6D SCFTs,
as well as their 4D descendants obtained from dimensional reduction. We present evidence
that in the limit where the length of a generalized quiver becomes sufficiently long, there
is a subsector of “nearly-protected” operators which have large R-charge J . In a sense we
make precise, we find that the scaling dimension for these operators can be organized as a
perturbation series above a bare scaling dimension ∆0:
∆ = ∆0 +
α
J2
+O(J−3), (1.1)
2
Figure 1: Depiction of the partial tensor branch of a generic 6D SCFT. These theories
resemble generalized quiver gauge theories in which the links consist of conformal matter
connecting gauge groups, as denoted by circles. Further decorations at the ends are possible.
that is, we identify a perturbative expansion in large R-charge, and use it to extract details
of operator mixing in the 6D SCFT. This is very much in the spirit of lower-dimensional
examples where large R-charge limits were fruitfully applied, as in reference [19], as well
as [20].
The operating assumption we make throughout this paper is that the 6D conformal
matter appearing as links in the generalized quiver description of all 6D SCFTs can be used
to define a class of operators in the 6D SCFT which trigger Higgs branch deformations.
Indeed, this picture was used in [18,21] to show that complex structure deformations of the
F-theory background can be interpreted as vacuum expectation values (vevs) for operators
in the accompanying SCFT. For the most part, these rules are quite similar to Higgsing
involving weakly coupled hypermultiplets [17,18,21–24], though it was also observed in [21]
that the scaling dimensions for these operators are always significantly higher than that of
a weakly coupled hypermultiplet.
By assumption, giving a vev to one such operator triggers a Higgs branch deformation,
and on the Higgs branch, we can study the resulting Nambu–Goldstone bosons. These
bosons transform in a spin s representation of SU(2)R, as dictated by the scaling dimension
of the conformal matter operators. In a generalized quiver with N gauge group factors Gi
of the form:
[G0]−G1 − · · · −GN − [GN+1] , (1.2)
we can, on the Higgs branch, visualize each link as a collection of Goldstone modes in a
representation of SU(2)R R-symmetry. For the bifundamental between Gi × Gi+1, we will
typically label these modes as X
(mi)
i for −s ≤ mi ≤ s, and for the highest, respectively
lowest, weight we shall use the simplified notation Xi, respectively Y
†
i .
Assuming the existence of these operators, we get a tremendous amount of mileage in
building gauge invariant combinations which survive as we move to the origin of the tensor
branch. As an example, we can construct the gauge invariant composite bifundamental
operator:
Opure =
√
ZNX0...XN , (1.3)
where the normalization factor, ZN , depends on the number of fields and gauge groups, and
is chosen such that the two-point function of Opure has coefficient one.
Owing to the R-symmetry and flavor symmetry content of Opure, we expect it to have
3
Figure 2: Depiction of the proposed correspondence between spin chain states and 6D op-
erators. Here we consider the special case of a 6D SCFT which has an A-type quiver gauge
theory on its tensor branch, in which case the spin excitations are all spin s = 1/2 represen-
tations of the SU(2)R R-symmetry group. Here, X⊕Y † denotes the degrees of freedom of a
bifundamental hypermultiplet in which X denotes the spin up state and Y † denotes the spin
down state. These operators are constructed on the partial tensor branch of the 6D SCFT.
Actual operators of the 6D SCFT are obtained by imposing a further decoupling constraint
which amounts to requiring zero total momentum for quasi-particle excitations.
a protected scaling dimension proportional to (N + 1), the number of generalized bifunda-
mentals appearing in the product. We can also consider descending to lower weight states
for each Xi. Doing so we get gauge invariant composite operators such as:
Om0,...,mN =
√
ZNX(m0)0 ...X(mN )N , (1.4)
which has the structure of a 1D spin chain with each site a spin s representation of SU(2)R.
While the highest weight state is 1/2-BPS and protected, in 6D and for the analogous
operators in 4D, we expect expect there is operator mixing for other values of the mi. This
leads to a correspondence between states of a spin chain and local operators:
|m0, ...,mN〉 ←→ Om0,...,mN . (1.5)
See also figure 2.
We show that this operator mixing can be phrased in terms of a spin chain with nearest
neighbor hopping terms. A perturbative analysis on the tensor branch of the 6D SCFT
reveals that the two-point functions for “neighboring” impurity insertions are indeed non-
zero, but that in the large N limit, the amount of such mixing is actually quite small. Indeed,
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in a diagonalized operator basis, we find that the eigenvalues for such hopping terms are of
order g2/N2, where g denotes a dimensionful coupling constant obtained from working on
the tensor branch. This is already interesting because it indicates that at least on the tensor
branch, some subsectors of the theory have operator mixing controlled by a 1D spin chain
Hamiltonian.
Of course, if our ultimate goal is to study operators at the conformal fixed point, we
must find a way to return to strong coupling. To accomplish this, we consider the string
theory background obtained from compactifying on a further circle. Retaining all of the
Kaluza–Klein modes, we can treat this as a 5D “Kaluza–Klein” (5D KK theory) in which
operator dimensions have their 5D values, but in which local operators are allowed to have
support on all six spacetime dimensions. Using the embedding of this 5D KK theory in a
string compactification, we can fix the value of the gauge coupling and evaluate the resulting
hopping terms. This results in a matrix of anomalous dimensions, in accord with similar
results obtained in the four-dimensional case where there are marginal coupling constants.
We perform this computation of operator mixing for a variety of 4D and 6D theories,
beginning with the cases where we have the most control, i.e. where Gi = SU(K) for all
i. As far as we are aware, the type of operator mixing we consider has not been studied
previously even in the 4D case, the closest analog being the “T-dual” computations performed
in references [25–27] which also presented tantalizing hints of integrability in 4D N = 2
SCFTs. With this in place, we then consider the case of a 6D SCFT with just SU(K)
gauge group factors, illustrating the close similarity with the 4D case. Applying our 5D KK
regulator, we show that we again get a controlled perturbative expansion inversely in the
R-charge of our operators. In this case, the spin chain in question consists of spin s = 1/2
excitations and operator mixing is controlled by the Heisenberg spin chain Hamiltonian [28]:
HA = −λA
∑
i
(
2
−→
S i · −→S i+1 − 1
2
)
, (1.6)
where the constant λA is computable both in 4D and 6D. The spectrum of energies in this
theory corresponds to the spectrum of anomalous dimensions for operators in this subsector.
Importantly, this Hamiltonian defines an integrable system and as such the quasi-particle
spectrum is amenable to methods such as the Bethe ansatz [29] and its modern incarnations
(see e.g. [30]), and has figured prominently in the study of integrability in N = 4 super
Yang–Mills theory (see e.g. [31] and reference [32] for an overview). So, we immediately
gain a great deal of insight into the operator spectrum of 6D SCFTs. One can also consider
generalizations of the A-type quivers in which the ranks of the gauge groups are not all
constant. This leads to a broader class of spin chain Hamiltonians, and which in turn lead
to modified dispersion relations for quasi-particle excitations.
Similar structure persists in the case of generalized quivers with D- and E-type gauge
groups, though here, the spin excitations are associated with conformal matter operators,
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and so we have a more general spin chain with spin s > 1/2 excitations. The important
point for us is that the holographic duals of all these cases are rather similar, being given
by the M-theory background AdS7 × S4/ΓADE with ΓADE a finite subgroup of SU(2) (see
e.g. [18]). This similarity provides a strong hint that the class of excitations give in (1.4) for
the D- and E-series should also be controlled by an integrable spin chain. This is in accord
with the hints of integrability observed for strings on AdS7 backgrounds presented in [33].
Making the well-motivated assumption that integrability persists for the D- and E-series, we
also show how to extract the related spin chain Hamiltonians for all the other cases. This is
in turn controlled by integrability of the XXXs spin chain, and the form of the Hamiltonian
is then:
HG = −λG
∑
i
Q2s(
−→
S i · −→S i+1), (1.7)
where Q2s is a polynomial of degree 2s with relative coefficients fixed by the condition of
integrability. In this case, our task reduces to determining the constant λG, something we
carry out for all of the related 4D and 6D SCFTs.
In all these cases, the spectrum of excitations is again controlled by a spin chain with
open boundary conditions. We note that the case of periodic boundary conditions is also of
interest and leads to a characterization of some operators in the little string theory (LST)
obtained by gauging the diagonal subgroup of G0 × GN+1 (see reference [34]). LSTs are
especially intriguing because even though they are inherently non-local (at high energies),
they have a low energy effective field theory with operator content closely related to their
6D SCFT counterparts.
Though we primarily focus on the operators of (1.4), the topology of these generalized
quivers also permits us to construct related spin chains. As an example, we can consider
operators such as:
Bi =
√
ZBiX0...Xi(YiXi)Xi+1...XN , (1.8)
and track the movement of the (YiXi) insertion.
We can also construct closed loops in a generalized quiver such as:
Ci,i+L =
√
ZCi,i+LTr(Xi...Xi+LYi+L...Yi) (1.9)
in the obvious notation. Provided the R-charge (i.e. the length of the spin chain) is large
enough, we again find that these operators are protected, though we expect this to be lifted
at higher order in perturbation theory since they are not protected by as many symmetries
as the operators of line (1.4). At leading order, though, this leads to a quite similar analysis
for impurity insertions and operator mixing, but with different boundary conditions for the
associated spin chain problem.
A pleasant feature of the C spin chain operators is that in the large N limit, perturbations
can also be detected in the holographic dual theories, provided we also take L ∼ N1/3.
Indeed, this leads to the pp-wave limit of the geometry AdS7 × S4/ΓADE, the same sort
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studied in [19]. In the holographic dual with orbifold fixed points of S4/ΓADE at the north
and south pole, the original operators of interest correspond to gravitons with large momenta
orbiting along a fixed latitude, the precise location of which depends on the values of i and
i+ L in equation (1.9).
The rest of this paper is organized as follows. We begin in section 2 by reviewing the
generalized quiver picture of 6D SCFTs, and in particular present our main hypotheses and
assumptions on the properties of 6D conformal matter. With this in place, we turn to
some examples of quivers with A-type gauge groups, considering the case of 4D SCFTs in
section 3 and 6D SCFTs in section 4. In particular, we establish the existence of a nearly-
protected sector of operators with mixing controlled by a matrix of anomalous dimensions
which resembles “hopping terms” in a 1D spin chain. Following this, we turn in section
5 to a further generalization of these considerations to generalized quivers with D- and E-
type quivers, both for 4D and 6D SCFTs. We present our conclusions in section 6. Some
additional technical details are presented in the Appendices.
2 6D SCFTs as Generalized Quivers
In this section we briefly review some aspects of 6D SCFTs, in particular the fact that on
a partial tensor branch they all resemble generalized quivers. Our aim will be to exploit
this structure to extract additional details on the operator content of these fixed points.
With this in mind, we first briefly review the construction of these theories, both in F-theory
and M-theory. We then turn to an analysis of 6D conformal matter, and in particular the
expectation that there are specific operators which can be used to build large composite
operators.
2.1 Top Down Construction of 6D SCFTs
To begin, let us briefly review the top down construction of 6D SCFTs. The starting point
for all known constructions involves F-theory on a non-compact elliptically fibered Calabi–
Yau threefold X → B.1 A 6D SCFT is obtained by seeking out configurations of curves
which can all simultaneously collapse to zero size inside the base B. The general feature
found in reference [8,9] is that such contractible configurations of curves in the base all have
a rather uniform structure, approximately assembling into a single line of collapsing curves
with a small amount of decoration on the left and right sides of such a configuration. In
fact, in subsequent work it was realized that all of these examples descend from a handful of
“progenitor theories” under a process of fission and fusion [23]. These theories are precisely
the ones which can be realized from M5-branes probing an ADE singularity wrapped by
the M9-brane wall of heterotic M-theory. Our primary interest in this paper will be on the
1We note that even for theories with a frozen phase [35–37], there is a geometric avatar [34,37].
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closely related examples obtained by a single tensor branch deformation, where we pull the
M5-branes off the E8 nine-brane wall, so that they just probe the space R⊥ × C2/ΓADE.
In the M-theory realization, we can think of the ADE singularity as generating a 7D super
Yang–Mills (SYM) theory coupled to a gravitino multiplet (see [18,21,38]). Introducing N+1
probe M5-branes realizes a domain wall with localized states trapped on the wall. This also
makes it clear that we get a GL×GR flavor symmetry associated with the ADE singularity.
Separating the M5-branes in the R⊥ direction corresponds to moving onto the “partial tensor
branch.” In this picture, each finite length segment produces a compactification of 7D SYM
which preserves 6D N = (1, 0) supersymmetry on the wall.
Similar considerations hold in the F-theory realization of these theories. In this case, each
finite interval is instead associated with a curve of self-intersection −2 which is wrapped by
a seven-brane with gauge group GADE, and the half-lines to the left and the right correspond
to non-compact curves. At each collision of seven-branes we have localized matter. In all
cases other than A-type seven-branes, further blowups in the base are required to reach a
smooth F-theory model. In the M-theory realization of these theories, this corresponds to a
further fractionation of the M5-branes [18]. The “6D conformal matter” theories with the
same flavor symmetry factor G−G are then given by (see also [39–41]):
[DK ]− [DK ] ≡ [DK ],
spK−4
1 , [DK ] (2.1)
[E6]− [E6] ≡ [E6], 1,
su3
3 , 1, [E6] (2.2)
[E7]− [E7] ≡ [E7], 1,
su2
2 ,
so7
3 ,
su2
2 , 1, [E7] (2.3)
[E8]− [E8] ≡ [E8], 1, 2,
sp1
2 ,
g2
3 , 1,
f4
5, 1,
g2
3 ,
sp1
2 , 2, 1, [E8]. (2.4)
Here, each number n denotes a smooth rational curve of self-intersection −n in the base B.
In the 6D theory it is associated with a tensor multiplet of that charge. Each superscript
over a curve denotes a gauge algebra. For brevity we have suppressed the bifundamental
matter which appears from additional collisions of seven-branes, and as required by anomaly
cancellation considerations.
To build a generalized quiver theory, we consider pairs of conformal matter theories G−G
and G−G and gauge a diagonal subgroup, reaching the theory G− (G)−G. This gauging
procedure must be accompanied by an additional tensor multiplet to cancel gauge anomalies.
This process was referred to as a fusion operation in reference [23]. Doing so, we reach a
generalized quiver of the form:
[G0]−G1 − ...−GN − [GN+1], (2.5)
corresponding to N + 1 M5-branes probing the singularity C2/ΓADE of the same ADE type
as G.
An important feature of the partial tensor branch theory is that further compactification
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on a T 2 results in a 4D N = 2 SCFT [42, 43] (see also [44]). One piece of evidence for this
is obtained by evaluating the contribution of the 4D conformal matter to the beta function
of a gauge group G. In conventions where an N = 2 vector multiplet has beta function
coefficient bvec(G) = 2h
∨
G, each conformal matter link contributes as bmatt(G,G) = −h∨G,
where h∨G denotes the dual Coxeter number of the gauge group. This illustrates that although
we are on the tensor branch, there is still a notion of conformality which survives to lower
dimensions. An additional remark is that if we had moved to the full 6D tensor branch and
then compactified, we would have reached a 4D theory which is not conformal.
2.2 Conformal Matter
The presentation in terms of conformal matter is more than just suggestive pictorially. For
many purposes, the degrees of freedom localized at a link behave like matter fields. This point
of view was developed in [18,21] where it was noted that there is a class of complex structure
deformations in the associated Calabi–Yau threefold which directly match to Higgs branch
deformations of the 6D SCFT. The picture of Higgsing in 6D SCFTs in terms of nilpotent
orbits and the corresponding match to vevs of generalized matter provides further support
for this general physical picture. With this in mind, our aim here will be to collect some
useful aspects of (G,G) conformal matter for G an ADE group.
As a preliminary comment, we note that in F-theory, each of these theories can be realized
as the collision of two seven-branes with gauge group G which collide over a common 6D
spacetime. Locally, each of these seven-branes can be modelled as an ADE singularity, so
for our present purposes we can dispense with the requirement of an elliptic fibration. The
local structure of the different conformal matter theories is then given by:
(AK−1, AK−1) : y2 = x2 + (uv)K , (2.6)
(DK , DK) : y
2 = (uv)x2 + (uv)K−1 , (2.7)
(E6, E6) : y
2 = x3 + (uv)4, (2.8)
(E7, E7) : y
2 = x3 + (uv)3x, (2.9)
(E8, E8) : y
2 = x3 + (uv)5 (2.10)
where u and v are local coordinates of the base. A natural deformation of this geometry is
given by brane recombination of two distinct stacks of seven-branes. In the local singularity,
this amounts to a smoothing deformation of the form:
uv 7→ uv − r. (2.11)
Though not originally stated in these terms, in reference [21] the scaling dimension of this
recombination operator was determined in the theory obtained by compactifying the 6D
SCFT on a further S1. Strictly speaking, this computation was performed in a 5D Kaluza–
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Klein (KK) theory, in which a free scalar would have scaling dimension ∆KK = 3/2 rather
than the 6D free hypermultiplet value of ∆hyper = 2.
2 Taking this subtlety into account, we
obtain a table of scaling dimensions for the recombination operators in the case of N + 1
M5-branes probing an ADE singularity:
(AK−1, AK−1) (DK , DK) (E6, E6) (E7, E7) (E8, E8)
dim r 4(N + 1) 8(N + 1) 12(N + 1) 16(N + 1) 24(N + 1)
. (2.12)
We note that in the case of the A-type singularity, the first non-trivial fixed point arises at
N = 1 (two M5-branes), as the N = 0 case (one M5-brane) is simply a free bifundamental
hypermultiplet.
Now, at least in the case of the A-type conformal matter, we observe that a weakly coupled
hypermultiplet X ⊕ Y † in the bifundamental representation has scaling dimension ∆ = 2.
From this, we conclude that at least in the case of a single M5-brane, the recombination
operator is associated with the vev of the combination Tr(XY ). More generally, we can
consider a “classical quiver” with N such gauge group factors. In this case, we can construct
the related operator
(AK−1, AK−1) recombination operator : r ∼ Tr(X0...XNYN ...Y0) , (2.13)
in the obvious notation, and this has the expected scaling dimension for the recombina-
tion operator. From this, we can already identify a natural gauge invariant bifundamental
operator:
Opure =
√
ZNX0...XN , (2.14)
which has scaling dimension 2(N + 1). Let us note that even in the A-type case, we are
performing our analysis on the tensor branch, and one could of course dispute whether this
sort of operator survives at the conformal fixed point. In the present case, however, the high
amount of (super)symmetry, along with the direct match to geometry provides good evidence
that this assignment is correct at the conformal fixed point as well. In terms of the data
directly visible in the 6D SCFT, the operator Opure is in the bifundamental representation of
the symmetry group G0×GN+1. Additionally, we note that since each Xi⊕Y †i hypermultiplet
transforms in the spin 1/2 representation of SU(2)R R-symmetry, the composite formed from
N + 1 such operators transforms in an irreducible representation of the tensor product:
(1/2)⊗(N+1) =
N + 1
2
⊕ ... (2.15)
namely the operator Opure is the highest weight state of a spin (N + 1)/2 representation of
SU(2)R R-symmetry.
A deceptively similar analysis also works in the case of generalized quivers with SO gauge
2This point has been taken into account in a revised version of reference [21].
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groups provided we take SO2K with K ≥ 5. Indeed, in this case we can move onto the full
tensor branch:
[SO2K ],
spK−4
1 , SO2K − ...−
spK−4
1 , [SO2K ]. (2.16)
Between each SO/Sp factor there is a half hypermultiplet in the bifundamental represen-
tation, so forming suitable composite operators we again recover the scaling dimension of
the recombination operator presented in (2.12). That being said, there are some indications
from the study of Higgs branch flows that performing this further tensor branch deforma-
tion is actually inappropriate. One reason is that these weakly coupled bifundamentals do
not by themselves account for the full space of possible Higgs branch deformations [22] (see
also [45]). Another issue is that upon further compactification on a T 2, this would not gen-
erate a 4D N = 2 SCFT, indicating that “too many” degrees of freedom have been removed
in this process. Finally, we face the awkward fact that for K = 4, there are no gauge group
factors at all on the (−1)-curves!
To rectify this and to also give a uniform treatment of all the conformal matter cases,
we shall instead proceed differently. First, we give a heuristic argument explaining the
appearance of the precise scaling dimensions for the recombination operators. Given a gauged
node with gauge group Gi situated in a generalized quiver as Gi−1−Gi−Gi+1, we can consider
decompactifying the neighboring factors so that the left and right neighboring factors become
flavor symmetries. Performing blowdowns and smoothings of the conformal matter links, we
can consider deformations which break these flavor symmetry factors but leave intact the
gauge group Gi. Doing so, we get the following pattern of geometries:
[DK ]−DK − [DK ] −→ 1,
so2K
4 , 1 (2.17)
[E6]− E6 − [E6] −→ 2, 1,
e6
6, 1, 2 (2.18)
[E7]− E7 − [E7] −→ 2, 2, 1,
e7
8, 1, 2, 2 (2.19)
[E8]− E8 − [E8] −→ 2, 2, 2, 2, 1,
e8
12, 1, 2, 2, 2, 2. (2.20)
Now, a tail of 1, 2, ..., 2 with Q curves defines the tensor branch of the rank Q E-string theory
with flavor symmetry E8 from the M9-brane of heterotic M-theory. What we are doing is
taking a pair of such theories and then gauging a diagonal subgroup of this E8. Suppose
we now compactify on an S1. The resulting KK theory for the rank Q E-string can be
viewed as an spQ gauge theory coupled to Nf = 8 flavors in the fundamental representation
(see e.g. [46–48]). Additionally, there is a hypermultiplet in the two-index anti-symmetric
representation of spQ, which we denote as A. At the point of strong coupling the SO(16)
flavor symmetry enhances to the affine Ê8 symmetry (since we are dealing with a 5D KK
theory). In this spQ gauge theory there is a remnant of the recombination operator. Letting
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H ⊕ H˜† denote the bifundamental hypermultiplet, this is schematically of the form:
rKK ∼ (H × AQ−1 × H˜)L × (H × AQ−1 × H˜)R, (2.21)
where here, we have included the operators of the two E-string theories to the left and right.
Note that each factor forms a gauge invariant operator of the corresponding spQ gauge theory.
Using the free field values of these 5D KK modes, we get dim rKK = 2× 3/2× (Q+ 1) and
so in the lift to 6D, we get dim r = 2× 2× (Q+ 1). We observe that for D-type and E6, E7,
and E8 conformal matter, the respective values of Q are 1, 2, 3, 5, so we indeed recover the
expected scaling dimensions for the recombination operators, as given in reference [21].
Encouraged by this match, we shall therefore indeed assume the existence of a conformal
matter operator which can attain a vev, and in so doing initiates a flavor symmetry breaking
pattern. Now, because of the rather high dimension of the associated operator, it is no
longer appropriate to view the associated operators as filling out an SU(2)R R-symmetry
doublet. Observe, however, that once we trigger a vev for these fields, we can model the
effects of flavor symmetry breaking in terms of Nambu–Goldstone modes in the coset space
(GL × GR)/Gdiag (in the case of diagonal breaking). So, in spite of the fact that we are
dealing with exotic matter, on the Higgs branch of the theory we can still model the effects
in terms of perturbations of free fields. These modes also transform in a spin s representation
of the SU(2)R R-symmetry where the spin assignments are:
(AK−1, AK−1) (DK , DK) E6 E7 E8
s 1/2 1 3/2 2 3
. (2.22)
We shall label each Xi as X
(mi)
i where −s ≤ mi ≤ s denoting the specific spin. Note that in
this notation, the hypermultiplet doublet Xi ⊕ Y †i would be written as X(+1/2)i ⊕X(−1/2)i .
Weakly gauging the flavor symmetry of conformal matter, we can ask how these Goldstone
modes now couple to the corresponding vector multiplet. To leading order, we expect a term
which relates the triplet of D-terms to expressions which are quadratic in the Goldstone
modes:
DRi,a =
1
s
×
(
Tri+1(X
†(mi)
i S
(mi,nj)
R Ti,aX
(nj)
i )− Tri−1(X(mi)i−1 S(mi,nj)R Ti,aX†(nj)i−1 )
)
+ · · · , (2.23)
with R = 1, 2, 3 an SU(2)R R-symmetry triplet index, and S
n,m
R denotes a matrix entry of
a spin s symmetry generator. Here, we have also included the contributions from the Lie
algebra generators. In the above, the specific normalization has been chosen so that the
highest weight state of the spin s representation couples with unit strength to the vector
multiplet. Additionally, the appearance of the “...” indicates that at least for s > 1/2, we
expect higher order terms. In stringy terms, we expect such corrections to be present because
the M5-branes fractionate at D- and E-type singularities, and this fractionation means that
degrees of freedom on an M5-brane can be viewed as composites from these fractionalized
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Figure 3: Depiction of the partial tensor branch of M5-branes (red vertical lines) filling R5,1
and probing the transverse geometry R⊥×C2/ΓADE. Separating the M5-branes along the R⊥
direction generates a 1D lattice. The conformal fixed point corresponds to the limit where
all M5-branes coincide. Localized fluctuations on the 6D domain wall are those which are
annihilated by the translation operator P⊥ and its discretized analog on the partial tensor
branch.
pieces. Note that in the special case of s = 1/2 no such fractionation occurs, and this is
in accord with just taking the minimal coupling between a 6D hypermultiplet and vector
multiplet.
2.3 Decoupling Limit
The main idea we will be developing in this paper is that there is a class of operators of a
6D SCFT which can be realized by building gauge invariant operators on the partial tensor
branch of a 6D SCFT. In a suitable decoupling limit we expect some of these operators to
also be present at the conformal fixed point.
In terms of the M-theory realization of the 6D SCFT via M5-branes probing the geometry
R⊥×C2/ΓADE, the partial tensor branch is reached by keeping the M5-branes at the orbifold
singularity and separating them along the R⊥ direction. Doing so, we see that each conformal
matter sector is associated with an edge mode localized on an M5-brane. We observe here
that in addition to fluctuations along a given M5-brane, there can also be fluctuations of
states in the R⊥ direction (the bulk). We can view the locations of M5-branes with equal
relative separations in the R⊥ direction as specifying a 1D lattice. See figure 3 for a depiction
of the 1D lattice realized by M5-branes on the partial tensor branch. Letting `∗ denote this
lattice spacing, we can see that momenta in the P⊥ direction will be quantized in units of
`∗/(N + 1). The discretized momentum operator of the lattice acts on an operator at the
jth lattice site as:
e−iP⊥XjeiP⊥ = Xj+1. (2.24)
The symmetry is broken by boundary effects of R⊥, but it is retained in the closely related
situation where we instead compactify on an S1 (which would lead to a little string theory).
The decoupling limit used to reach an SCFT corresponds to sending `∗ → 0. So, any
excitation with finite lattice momentum becomes a highly excited state in this limit. Of
course, this also means that the purely localized states associated with the CFT are those
for which the total momentum in the R⊥ direction is exactly zero.
The states of the CFT are those which survive the decoupling limit where we also send
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all M5-branes on top of each other. Indeed, any excitation with non-zero P⊥ momentum
becomes a highly excited state in this limit. This in turn enforces the condition that any
edge mode decoupled from the bulk satisfies the additional condition:
P⊥ |OSCFT 〉 = 0, (2.25)
for any state of the SCFT.
How to enforce this condition in practice? We follow a pragmatic approach where at first,
we allow all possible momentum excitations along our 1D lattice. For example, for operators
such as:
Om0...mN =
√
ZNX(m0)0 ...X(mN )N , (2.26)
we can visualize the operators on the tensor branch as a specific configuration of quantum
spins in a 1D lattice. As has been appreciated for some time in such 1D systems, there are
quasi-particle excitations which can be constructed out of these excitations known as magnon
excitations. In fact, we will develop further this quasi-particle excitation picture. The
important point for us is that these quasi-particles carry a well-defined lattice momentum,
and so we can impose the condition that any quasi-particle excitations need to have zero
total momentum. For I such impurities, the condition is then:
6D Decoupling Constraint: p1 + ...+ pI = 0, (2.27)
where each pi denotes the momentum of a quasi-particle excitation.
To illustrate, consider a ground state of a ferromagnetic spin chain as specified by:
Os...s =
√
ZNX(s)0 ...X(s)N , (2.28)
which has all spins pointing up. There is no momentum in this excitation.
In the single impurity sector, we can consider operators constructed such as those ob-
tained by flipping one spin at the jth lattice site:
Oj =
√
ZNX(s)0 ...X(s−1)j ...X(s)N . (2.29)
We emphasize that these are operators constructed on the tensor branch, and there is no
a priori guarantee that they will all survive in the decoupling limit. Indeed, in this sector,
there is a single P⊥ = 0 operator:
O1-impzero =
1√
N + 1
(O0 + ...+ON) , (2.30)
which is just the descendant of Os...s under SU(2)R R-symmetry. All other linear combi-
nations in the single impurity sector have non-zero momentum, and as such do not survive
in the decoupling limit. Similar considerations hold in the presence of additional impuri-
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ties. In this case, it is convenient to state the “zero-momentum condition” in terms of the
quasi-particle excitations associated with the algebraic Bethe ansatz.
We will also be interested in the quite similar class of 4D generalized quivers obtained
from dimensional reduction of the partial tensor branch theory on a further T 2. In this
setting, we can again ask whether a zero momentum condition needs to be enforced here as
well. In this case, there is no need to do so, because even when we keep the M5-branes at
finite separation the resulting 4D system still realizes an SCFT. So, while we need to enforce
equation (2.25) in 6D SCFTs, in 4D SCFTs with the same quiver structure, there is no such
constraint.
3 4D N = 2 SCFTs with Classical Matter
Having introduced the main features of generalized quivers in 6D SCFTs, our aim will now
be to understand operator mixing in some specific operator subsectors.
As a warmup exercise, and as a subject of interest in its own right, in this section we
consider 4D N = 2 SCFTs with A-type gauge groups arranged along a linear quiver. We
show that, much as in [19], there are subsectors of operators which exhibit operator mixing
as controlled by a 1D spin chain, even when we pass to very large gauge coupling g. We
accomplish this by constructing an alternative perturbative expansion in the large R-charge,
J of our operators. This expansion is valid in the regime where g2/J2 is small.
As far as we are aware, the specific class of operators we consider has not been previously
studied, the closest analog being the analysis of [25] as well as [26] which feature a T-dual
quiver gauge theory. We will comment on the relation to the T-dual setup later.
Consider then the specific 4D N = 2 quiver gauge theory:
[G0]−G1 − ...−GN − [GN+1], (3.1)
where here, each gauge group factor corresponds to Gi = SU(K). In this case, we have
bifundamental hypermultiplets Xi ⊕ Y †i between each link. There is a 1/2-BPS operator of
dimension ∆ = (N + 1) given by:3
Opure =
√
ZNX0...XN , (3.2)
in the obvious notation. From this starting point, we can consider inserting “impurities,”
by swapping out X’s for Y †’s. For example, we can insert one such impurity, leading to the
operator:
Oi =
√
ZN X0...Xi−1Y †i Xi+1...XN . (3.3)
3This operator is in fact the superconformal primary of a short B1B1[0; 0]
(N+1,0)-multiplet [49] (also
sometimes referred as B̂N+1 in the nomenclature of [50]).
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One can also consider adding further impurities, and provided the total number is much
smaller than N , we remain in the dilute gas approximation and can treat the structure of
correlation functions in a similar way. We first focus on the case of a single impurity insertion
since the generalization to multiple impurities (at least in the dilute gas approximation)
follows a similar line of analysis.
We now proceed to the evaluation of operator mixing in this setup. In our conventions,
the two-point function for a free scalar will be normalized so that:
〈
(X†i )
Ai+1
Bi
(x)(Xi)
Ai
Bi+1
(0)
〉
=
δ
Ai+1
Bi+1
δAiBi
|x|2∆X , (3.4)
where ∆X = 1 for a 4D free field. Here, the A superscript and B subscript indicate the
components of the bifundamental representation. With this convention, applying Wick’s
theorem to the two-point functions of Oi one ends up with traces over the indices of the
gauge groups, each contributing a factor of K, so in this case the normalization factor is
ZN = K−N .
To begin, we observe that if we switch off the gauge couplings, the scaling dimension of
each Oi is simply ∆i = (N + 1). Once we switch on gauge interactions, we can expect the
two-point functions for the Oi to non-trivially mix. Our aim will be to determine corrections
to the two-point function:〈
O†i (x)Oj(0)
〉
=
1
|x|2∆i ×
(
δij + γij log
(|x|2 Λ2)+ ...) . (3.5)
Here, γij refers to the matrix of anomalous dimensions. The main idea is that in a basis of
eigenoperators for the dilatation operator, we can expect a shift in the scaling dimension,
and this generates a logarithmic correction term:
1
|x|2(∆+γ)
=
1
|x|2∆ ×
(
1 + γ log
(|x|2 Λ2)+ ...) . (3.6)
Let us now turn to operator mixing in this quiver gauge theory. We begin by working
to leading order in perturbation theory in the gauge couplings g2i but then show that the
large R-charge limit allows us to form an improved perturbation series. At first order in
perturbation theory, the operator mixing is controlled by the scalar potential of the N = 2
theory. To work this out, it is convenient to work in terms of the language of 4D N = 1
supersymmetry. In this case, each Xi denotes a bifundamental chiral multiplet and each Yi
denotes a bifundamental in the conjugate representation. Additionally, there is an adjoint-
valued chiral multiplet Zi for each gauge group. The scalar potential is a sum of F-term and
D-term contributions:
V = VF + VD. (3.7)
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Figure 4: Diagram contributing at leading order to the correlation function of O†i (top) and
Oi−1 (bottom) via an F-term interaction.
For the D-term potential, this is just a sum over each of the gauge group nodes:
VD =
1
(4pi2)2
N∑
i=1
∑
a∈adj(Gi)
1
2
D2i,a , (3.8)
Di,a = gi
(
Tri+1(X
†
i Ti,aXi − YiTi,aY †i )− Tri−1(Xi−1Ti,aX†i−1 − Y †i−1Ti,aYi−1)
)
+ · · · , (3.9)
where we have dropped contributions from the Zi scalars since they do not contribute at
leading order to operator mixing. The overall normalization by 1/(4pi2)2 is due to our
normalization of the X†X two-point function.4 Here, the Ti,a are Lie algebra generators for
Gi, Tri+1 and Tri−1 indicate a further instruction to sum over all of the indices of adjacent
nodes in the quiver. We also have the F-term potential contributions from the chiral multiplet
Zi, which we denote as Fi,a:
VF =
1
(4pi2)2
N∑
i=1
∑
a∈adj(Gi)
|Fi,a|2 + · · · , (3.11)
where the “...” refers to contributions from the other chiral multiplets, which again do not
influence operator mixing at leading order. Here, we have:
Fi,a =
√
2gi (Tri+1(YiTi,aXi)− Tri−1(Xi−1Ti,aYi−1)) . (3.12)
From this, we can deduce that operator mixing is indeed possible. Since our scalar
potential only contains interaction terms between hypermultiplets on neighboring links, we
see that to leading order in perturbation theory the operator Oi, can only have a non-trivial
two-point function with Oi−1, Oi+1 and Oi.
The computation of the “hopping terms” involves only a contribution from the F-term
4With canonically normalized kinetic terms for free fields, we would instead have a two point function
〈
(X†i )
Ai+1
Bi
(x)(Xi)
Ai
Bi+1
(0)
〉
=
1
4pi2
δ
Ai+1
Bi+1
δAiBi
|x|2∆X
, (3.10)
with ∆X = 1 for a 4D free field.
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potential, see figure 4. In the case of hopping between Oi and Oi−1, the relevant contribution
comes from |Fi,a|2. We find the leading order contribution (evaluated in Euclidean signature):
〈
O†i (x)Oi−1(0)
〉
=
1
|x|2∆0 ×
(
1 +
2g2i C˜i
(4pi2)2
∫
d4z
|x|4∆X
|x− z|4∆X
1
|z|4∆X + . . .
)
, (3.13)
where we have suppressed flavor index structure. Here, ∆0 refers to the scaling dimension
with all gauge couplings switched off and C˜i+1 is a combinatorial factor obtained from the
quadratic Casimir of the fundamental representation and its dimension, given by evaluating:
C˜i =
1
dF
∑
a∈adj(Gi)
Trfund(Ti,aTi,a) =
fGi
h∨GidF
× dimGi , (3.14)
where dF is the dimension of the fundamental representation of Gi, and with h
∨
G the dual
Coxeter number of the group G. The righthand side of (3.14) is obtained from evaluating
traces in different representations. To fix our normalizations we use the same notation as
in [51], and introduce an auxiliary field strength F to relate the various traces in different
representations as follows:
TrfundF
2 = fGTrF
2 , TradjF
2 = h∨GTrF
2 . (3.15)
For a quiver with all SU(K) factors, we have fG = 1/2 and h
∨
G = K. In Appendix B we
evaluate the loop integral appearing in (3.13). Setting ∆X = 1, there is indeed a logarithmic
contribution, and we wind up with:
〈
O†i (x)Oi−1(0)
〉
=
1
|x|2∆0
(
1− g
2
i C˜i
8pi2
× log(|x|2 Λ2) + ...
)
. (3.16)
Closely related to this case is the two-point function
〈
O†i (x)Oi+1(0)
〉
. The only contribution
comes from |Fi+1,a|2. The computation is otherwise the same, so we get:
〈
O†i (x)Oi+1(0)
〉
=
1
|x|2∆0 ×
(
1− g
2
i+1C˜i+1
8pi2
× log(|x|2 Λ2) + ...
)
. (3.17)
Finally, we have the “stationary term” associated with the evaluation of
〈
O†i (x)Oi(0)
〉
.
This case is clearly somewhat more subtle because there are far more contributions, which
include contributions both from the scalar potential, as well as t-channel vector boson ex-
change. On general grounds, we expect there to be a zero mode in the anomalous dimension
matrix since we know that one linear combination of the Oi is in the same SU(2)R R-
symmetry multiplet as Opure. Jumping ahead to equation (3.21), we will indeed find that
this is the case, provided we fix the relative strengths of the matrix entries.
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In stringy terms we can argue as follows: starting from K D3-branes probing C × C2,
we can consider the related correlation functions obtained from working in terms of the D3-
brane probe of C×C2/ZN+1. Doing so, we generate a circular quiver with N+1 gauge group
nodes Gi = SU(K). We can arrive at this sort of quiver by gauging a diagonal subgroup of
G0 × GN+1. The evaluation of BMN-like operators is thus quite close to our computation,
and for the same reasons as presented there, we conclude that the relevant contribution to
the hopping term is essentially the same, at least when all gauge couplings are equal. In
that setting, the contribution to the diagonal is a factor of −2 relative to the off-diagonal
hopping terms.
Another way to argue for this is to observe that if we include all contributions other
than those from the F-term contributions, we expect an exact cancellation, much as in the
computations of reference [26]. That leaves us to include the contributions from |Fi,a|2 and
|Fi+1,a|2. This leads us to our formula:〈
O†i (x)Oi(0)
〉
=
1
|x|2∆0 ×
(
1 +
1
8pi2
(
g2i C˜i + g
2
i+1C˜i+1
)
log(|x|2 Λ2) + ...
)
. (3.18)
Summarizing, we have extracted the anomalous dimension matrix with non-zero entries:
γii =
1
8pi2
(
g2i C˜i + g
2
i+1C˜i+1
)
(3.19)
γi,i+1 = γi+1,i = −g
2
i+1C˜i+1
8pi2
, (3.20)
for i = 0, ..., N . Setting g2i = g
2 for i = 1, ..., N and g20 = g
2
N+1 = 0, we can also write this as
a 1D Lattice Laplacian with non-trivial boundary conditions:
γ = λG

1 −1
−1 2 −1
−1 ... −1
−1 2 −1
−1 1
 , (3.21)
where λG is the overall normalization for the Hamiltonian and is given by:
λG =
g2C˜G
8pi2
, (3.22)
for a general gauge group G, with C˜G as in equation (3.14) evaluated in the special case
G = SU(K). Note that equation (3.21) is in accord with having a zero mode.
It is also instructive to extract the linear combination of Oi which are diagonal under the
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action of the anomalous dimension matrix. We find operators O˜p with scaling dimensions:
O˜p = 1√
N + 1
N∑
j=0
cos
(
p
(
j +
1
2
))
Oj (3.23)
(∆−∆0)p = 4λG sin2
(p
2
)
with λG =
g2
8pi2
fG dimG
h∨GdF
(3.24)
where the original dimension is ∆0 = (N + 1) and the eigenoperator, O˜p, is interpreted as
a magnon with quantized momentum, p = pim
N+1
,m = 0, 1, . . . , N . The important point for
us is that just as in [19], even though we performed a perturbative expansion in g2, we can
expand at large N . In this limit, we observe that even if g2 becomes large, we can continue
to work to leading order in perturbation theory provided g2/N2 remains small.
3.1 A Spin Chain
In the above analysis we focused on the special case of a single impurity insertion and
its motion throughout the spin chain. We can generalize this to additional impurities as
associated with the more general class of operators:
Om0,...,mN =
√
ZNX(m0)0 ...X(mN )N (3.25)
where mi = ±1/2 since we are dealing with the spin 1/2 representation of SU(2)R R-
symmetry on each spin site. The main idea is to associate this operator with a corresponding
configuration of spins in a 1D spin chain:
|m0, ...,mN〉 ↔ Om0,...,mN . (3.26)
Operator mixing is controlled by the spin chain Hamiltonian with open boundary conditions:
HA = −λA
N−1∑
i=0
(
2
−→
S i · −→S i+1 − 1
2
)
, (3.27)
where we have introduced the spin s = 1/2 operators
−→
S i for each spin site. Here, the
coefficient λA is the same as in line (3.23). Indeed, the specific numerical pre-factor has been
chosen so that we recover the dispersion relation EA = λAp
2 in the small momentum limit.
The ground state energy has been fixed so that it is zero. This is in accord with the fact
that 1/2-BPS operators do not receive a correction to their anomalous dimension.
We observe that this is just the Hamiltonian of the celebrated Heisenberg XXXs=1/2
spin chain, with open boundary conditions. This is a well-known integrable system and the
spectrum of excitations can be studied in the standard way. As a preliminary comment, we
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simply observe that since the operator:
−→
S tot =
∑
i
−→
S i (3.28)
commutes with HA, we can perform a block diagonalization of operator mixing so that
the total number of impurities remains constant. Our analysis of single impurity insertions
clearly generalizes.
To further analyze the resulting spectrum excitations, we now turn to the Bethe Ansatz
for the open ferromagnetic Heisenberg spin chain. In the sector with I impurities, we have
corresponding quasi-particle momenta p1, ..., pI . These are conveniently expressed in terms
of complex rapidities µ1, ..., µI which are related to the quasi-particle momenta as:
exp(ipj) =
µj +
i
2
µj − i2
. (3.29)
The specific values of the rapidities are fixed by the Bethe ansatz equations of the open spin
chain [52]: (
µj +
i
2
µj − i2
)2(N+1)
= −
∏
l 6=j
(µj − µl + i) (µj + µl + i)
(µj − µl − i) (µj + µl − i) , (3.30)
for j = 1, ..., I impurity excitations.
The energy (i.e. anomalous dimension) of a given eigenoperator is then given by:
(∆−∆0) = EA = λA
I∑
j=1
(µj), (3.31)
where ∆0 = N + 1 and the energy of a given quasi-particle excitation is:
(µ) =
i
µ+ i
2
− i
µ− i
2
. (3.32)
It is appropriate to refer to the µi as rapidities because we have a dispersion relation of the
form:
(µ) =
d
dµ
p(µ), (3.33)
where (µ) is proportional to the energy of a quasi-particle excitation.
In fact, all normalizations are fixed once we specify the behavior of the single impurity
excitations. To see this, consider expanding equation (3.29) at small p / large µ. This leads
to the relation:
p ' 1
µ
+ ... (3.34)
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Plugging in our expressions, we get:
(p) ' p2 + .... (3.35)
As a last comment, we expect that at higher order in perturbation theory that each loop
order allows a spin to interact with neighbors further away. Even so, we expect the structure
of integrability to persist in some form.
3.2 More General Spin Chains
Though we have focused on adding impurities to the “ground state”, Opure =
√ZNX0...XN ,
it is clear that we could also consider a broader class of operators. As an example of this
sort, consider the class of operators obtained from inserting (YiXi) such as:
Bi =
√
ZBiX0...Xi−1Xi(YiXi)Xi+1...XN . (3.36)
This is superficially quite similar to the operators Oi just considered, and we can again see
that F-term exchange leads to a hopping term for the location of the impurity. Note that
in this case, we again have some protection against various operator mixing effects since, for
example X and Y have the same charge under the Cartan subalgebra of su(2)R.
As another example, consider the set of operators which form a closed loop beginning at
a gauge group site i and extending out L gauge group sites:
Ci,i+L =
√
ZCi,i+LTr(Xi...Xi+LYi+L...Yi). (3.37)
In this case, we have a flavor neutral operator. To leading order in perturbation theory
this operator again appears to be protected. Note, however, that this operator is neutral
under the flavor symmetries, so it is natural to expect mixing with other Cj,j+L of the same
length but centered on different gauge group factors. We can also consider adding impurity
insertions in this case as well, and from this we extract a quite similar analysis of hopping
terms.
3.3 More General Quivers
We can also contemplate a more general class of quivers with different gauge group ranks.
The condition that we retain a conformal field theory is that the beta function for each gauge
coupling vanishes. One possibility is a circular quiver with gauge group SU(K)N+1. We
remark that this sort of quiver shows up with K D3-branes probing a C2/ZN singularity [53],
and also arises from the 6D SCFT obtained from K M5-branes probing a C2/ZN singularity,
compactified on a further T 2 (see e.g. [18]). Note also that if we had instead moved onto
the tensor branch of this 6D SCFT and then compactified, we would have arrived at the
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T-dual theory with gauge group SU(N)K+1 arranged in a linear quiver. The two theories
are related by T-dualities / flavor Wilson lines in the T 2 direction.
Another way to get a more general class of quiver gauge theories is achieved by adjusting
the individual ranks of our linear quiver. To maintain conformality on each gauge group
node we must introduce some additional flavors Mi in the fundamental representation. The
condition on the gauge group nodes is then:
2Ki −Ki−1 −Ki+1 = Mi ≥ 0. (3.38)
This leads to a strictly convex profile for the Ki, with a maximum plateau possible in the
middle of the quiver. While a full analysis of the spectrum of operator mixing in this class
of theories is clearly somewhat more challenging, we can already see that the matrix of
anomalous dimensions again resembles a 1D spin chain Hamiltonian, but now with more
non-trivial boundary conditions on the left and right. To see this, consider again operator
mixing for the Oi operators with a single impurity insertion. Eigenoperators of the dilatation
operator satisfy the eigenvalue equation:
γijvj = κvj. (3.39)
Returning to our general expression for operator mixing in these theories, we have:
γii =
1
8pi2
(
g2i C˜i + g
2
i+1C˜i+1
)
(3.40)
γi,i+1 = γi+1,i = −g
2
i+1C˜i+1
8pi2
, (3.41)
for i = 0, ..., N . Setting g2i = g
2 for i = 1, ..., N and g20 = g
2
N+1 = 0, we can also write the
eigenvalue equation as a 1D Lattice Laplacian with non-trivial boundary conditions. For
example, in the “middle region” where all the gauge group ranks are the same, we just have
the condition:
g2
8pi2
C˜ × (2vj − vj+1 − vj−1) = κvj, (3.42)
which, in the continuum limit available by taking large operator scaling dimensions, takes
the form:
− g
2
8pi2
C˜ × d
2v(x⊥)
dx2⊥
= κv(x⊥), (3.43)
for x⊥ a coordinate along the line of gauge groups on the tensor branch. Now, as we approach
the regions with varying gauge groups, we observe a more general eigenvalue equation which
we can write as:
g2
8pi2
(
−C˜1 (x⊥)× d
2v(x⊥)
dx2⊥
− C˜2 (x⊥)× dv(x⊥)
dx⊥
− C˜3 (x⊥) v(x⊥)
)
= κv(x⊥), (3.44)
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for suitable convex position dependent profiles for the C˜1,2,3(x⊥). It would be very interesting
to study the resulting profile of operator mixing effects as a function of the different choices,
but we defer this to future work.
4 6D SCFTs with Classical Matter
In the previous section we focused on the appearance of a spin chain sector of some 4D
N = 2 SCFTs. In this section we turn to a quite similar analysis for 6D SCFTs with
classical matter. More precisely, we consider a class of 6D SCFTs with tensor branch given
by a classical quiver gauge theory. The specific case of interest in this section will be quivers
of the form:
[G0]−G1 − ...−GN − [GN+1], (4.1)
where here, each gauge group factor corresponds to Gi = SU(K). In this case, we have
bifundamental hypermultiplets Xi ⊕ Y †i between each link. Each gauge group factor also
pairs with a tensor multiplet with scalar vev controlling the value of the gauge coupling.
The vev of the tensor multiplet scalar has dimensions of mass2 and controls the tension of a
1/2-BPS string in the 6D effective field theory.
We can deduce the precise relation between the gauge coupling and this tension by noting
that such strings also arise as solitonic excitations in the 6D gauge theory. Using any number
of string theory realizations, we can then extract the relation between the gauge coupling of
the 6D field theory and this string tension which we can also set equal to the vev of a tensor
multiplet scalar (in our normalizations):5
〈Ti〉 = (2pi)
2
4g2i
. (4.5)
Now, in this 6D effective field theory, we can construct a similar class of operators to
5For example, in a setup where we engineer the 6D SCFT using D5-branes probing an A-type singularity
[54], the gauge coupling of the D5-brane is set by the tension of the D5-brane by expanding the DBI action
(see e.g. [55]):
1
4g2
=
1
2pigs
1
(2pi`s)
2 . (4.2)
where gs denotes the string coupling and `s is the string length. The solitonic excitation is associated with
a D1-brane filling a 2D spacetime. This comes with a tension of:
TD1 =
2pi
gs
1
(2pi`s)
2 =
(2pi)2
4g2
. (4.3)
So, in what follows we introduce tensor multiplet scalars Ti normalized so that:
〈Ti〉 = (2pi)
2
4g2i
. (4.4)
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those studied in section 3. Of course, since this is not a conformal field theory, we should
not expect that our analysis of hopping terms will carry through. One symptom of this is
that our gauge coupling is now dimensionful, and to reach a fixed point we will need to
extrapolate this to strong coupling at the origin of the tensor branch.
But from what we have seen in the previous section, we can anticipate that a perturbative
expansion may nevertheless be available for some subsectors of operators. Indeed, provided
the scaling dimension of a candidate operator is large as well, we can hope that a perturbative
expansion will still be available. This is essentially the argument of [19], but now applied to
6D SCFTs.
We now argue that a perturbative expansion is still available. To see this, consider the
holographic dual of our SCFT, as obtained from N M5-branes probing a C2/ZK singularity.
In this limit, we reach the geometry AdS7×S4/ZK with N units of four-form flux threading
the S4/ZK . This geometry comes with two orbifold fixed points at the north and south poles
of the sphere, and so the gravity dual is actually coupled to a pair of 7D super Yang–Mills
theories with gauge group SU(K). Now, an interesting feature of this geometry is that the
tensor branch description literally “deconstructs” a great arc which passes from the north
pole to the south pole. With this in mind, we can consider the effect of being slightly on the
tensor branch as actually registering some fine-grained structure in the holographic dual. To
corroborate this picture, consider moving slightly onto the tensor branch. In the holographic
dual this means we separate the M5-branes both down the throat of the AdS7 geometry,
and also means they are separated at different longitudes of S4/ZK . Working in the limit
where each M5-brane is uniformly separated from its neighbors, the arc length for a sphere
of radius RS4/ZK = `p (piN)
1/3 (see [56]) gives us N equal segment pieces, each of length:
piRS4/ZK
N
=
pi4/3`p
N2/3
. (4.6)
Wrapping an M2-brane over one such segment leads to a 6D effective string in the tensor
branch theory. The tension of this effective string is:
Teff =
pi4/3`p
N2/3
× 2pi
(2pi`p)
3 =
(2pi)2
4g26D
, (4.7)
where we have also written the 6D gauge coupling as obtained from compactifying our 7D
super Yang–Mills theory on the interval. Now we can see that, at least for states with
sufficiently large mass, a perturbative expansion may be available.
Indeed, starting from the geometry AdS7 × S4/ZK we can take a pp-wave limit, much
as in reference [19] (see also [57]). Then, performing discrete light cone quantization along a
circle of radius RS4/ZK = `p (piN)
1/3, we get operators in the dual CFT of scaling dimension
∆ ∼ N1/3+ε. Fluctuations in the spectrum of graviton excitations translate in the dual CFT
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Figure 5: Orbiting M2-brane wrapped on an S2 ⊂ (S4/ZK) stretched between constant
latitudes i and i+ L. The associated states give rise to the operators Ci,i+L in the CFT.
to perturbations in the scaling dimension of operators such as:
Ci,i+L =
√
ZCi,i+LTr(Xi...Xi+LYi+L...Yi), (4.8)
as well as fluctuations generated by impurity insertions. This sort of operator corresponds
to an M2-brane wrapped on an S2 which is orbiting along a circle trapped on a specific
latitude of S4/ZK , see figure 5. The brane does not collapse because it has non-zero angular
momentum. Here, the precise value of i indicates the northern latitude on the S4/ZK , and L
controls the overall angular momentum / size of the object. To see controlled perturbations
in the holographic dual, we would need to take L ∼ N1/3, but we can (and will) consider
faster scaling in L. In those cases, the spectrum of perturbations will be washed out to
leading order in the holographic dual.
Having seen that a perturbative expansion should indeed be available, we now turn to
a direct analysis focused on the structure of the 6D theory itself. We have already noted
that a dimensionless perturbation parameter is available for operators with large R-charge,
so provided we can suitably regulate our 6D theory, we should expect to be able to carry
out computations. Our main proposal for doing this is to try and recast the gauge coupling
in terms of a dimensionless parameter. As we have already mentioned, in the case of the
4D computation, the relevant “hopping terms” are controlled by the scalar potential. In 6D,
something similar holds, and we have a triplet of D-term constraints. Schematically, the
scaling relation for these potential terms is of the form:
V6D ∼ g26D |X6D|4 . (4.9)
Since we have free hypermultiplets, we can assign each a scaling dimension of ∆6D = 2,
which is in accord with the fact that the tensor branch scalar also has scaling dimension
∆6D = 2. Now, observe that if we compactify this theory on a circle each 6D hypermultiplet
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becomes a 5D hypermultiplet, with the relation:
(2pi`KK)
1/2X6D = X5D. (4.10)
Plugging back into V6D, we obtain:
V6D ∼ (2pi`KK)−2 g26D |X5D|4 , (4.11)
so in terms of the combination (2pi`KK)
−2 g26D we indeed have a dimensionless parameter.
To get a 6D answer, we should really view X5D as a collection of 5D fields labelled by points
along the compactification circle. So, we are really performing a computation in the 5D
KK theory in which we retain all of the Kaluza–Klein modes associated with dimensional
reduction. We will refer to this as a “5D KK regulator” since it involves a computation in
this theory.
Now, to actually extract a number for operator mixing from this process we will also
need to find a way to relate the scales associated with (2pi`KK)
−2 and g26D. To do so, we
again appeal to the M-theory / holographic dual description. In the directions transverse
to the M5-branes, we have identified a minimal length scale of separation, as set implicitly
by equation (4.7). The non-trivial N -scaling can be attributed to the backreaction of the
M5-branes on the geometry. In the directions along the M5-brane, however, we expect that
reduction on a Planckian circle of volume 2pi`p is the minimal length scale available for
reduction. Putting these relations together, we get an effective dimensionless coupling:
g2eff = (2pi`KK)
−2 g26D = (N + 1)
2/3pi2/3, (4.12)
which is dimensionless, but also quite large. In the above, we have written the formula for
N + 1 M5-branes since this is the convention used in our discussion of generalized quivers.
With this in place, we can now proceed to an analysis of operator mixing for certain
subsectors. Our plan will be to essentially follow the same line of analysis presented in our
discussion of 4D quivers, with the proviso that now, our loop integrals must be performed
in the 5D KK regulated theory.
4.1 A Spin Chain
As a first example, consider the 1/2-BPS operator given on the tensor branch by:
Opure =
√
ZNX0...XN , (4.13)
in the obvious notation. This operator is in the bifundamental representation of SU(K)L ×
SU(K)R, just as in the 4D case. In 6D, the scaling dimension at the conformal fixed point
is ∆pure = 2(N + 1) since each ∆X = 2. In terms of the nomenclature introduced in [49,58],
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which we briefly review in Appendix A, this operator is the superconformal primary of a
type D[0, 0, 0]
N+1
2
2(N+1) multiplet.
We note that the existence of this operator at the conformal fixed point as well as its
scaling dimension is in accord with our discussion of brane recombination given in section 2.
Starting on the tensor branch, we again consider inserting an impurity. For example, we
can insert one such impurity. This leads to operators such as:
Oi =
√
ZNX0...Xi−1Y †i Xi+1...XN (4.14)
One can also consider adding further impurities, and provided the total number is much
smaller than N , we remain in the dilute gas approximation and can treat the structure of
correlation functions in a similar way.
Let us now proceed to study operator mixing in this theory. The calculation is essentially
the same as that for the 4D theory; we have a triplet of D-terms which we can split into two
which contribute to hopping and one which contributes to the “stationary” contribution.
For example, we can evaluate the hopping term in the 5D KK-regulated theory (we work in
Euclidean signature):6
〈
O†i (x)Oi−1(0)
〉
=
1
|x|2∆0 ×
(
1 +
2g2i C˜i
(4pi3)2
∫
d6z
|x|4∆KK
|x− z|4∆KK
1
|z|4∆KK
)
, (4.17)
where here, ∆KK = 3/2, the scaling dimension of a free hypermultiplet in a 5D SCFT.
Additionally, each g2i is specified as in equation (4.12). We evaluate this integral in Appendix
B, obtaining:
〈
O†i (x)Oi−1(0)
〉
=
1
|x|2∆0 ×
(
1− g
2
i C˜i
16pi3
× log(|x|2 Λ2) + ...
)
. (4.18)
Let us make a few comments here. First, we observe that as expected, we achieve a logarith-
mic correction to the two-point function, in accord with the interpretation of a small shift
in the anomalous dimension matrix. Additionally, we note that this would not have worked
6In our conventions, the normalization of the two-point function for a 6D free field is:
〈
(X†i )
Ai+1
Bi
(x)(Xi)
Ai
Bi+1
(0)
〉
=
δ
Ai+1
Bi+1
δAiBi
|x|2∆X
, (4.15)
with ∆X = 2 for a free field. In the 5D KK regulated theory we replace each propagator appearing in the
loop integral with ∆X = 3/2. Note also that with canonically normalized kinetic terms for free fields, the
two-point function would be:
〈
(X†i )
Ai+1
Bi
(x)(Xi)
Ai
Bi+1
(0)
〉
=
1
4pi3
δ
Ai+1
Bi+1
δAiBi
|x|2∆X
. (4.16)
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if we had set ∆KK to the 6D scaling dimension of our fields. This provides an a posteriori
justification for our regulator. Lastly, we note that the strength of the gauge coupling is
quite large, so we must indeed work at large R-charge to extract a perturbative contribution
to the mixing matrix.
So, much as in the 4D case we get operator mixing on the tensor branch dictated by the
matrix γij with non-zero entries:
γii =
1
16pi3
(
g2i C˜i + g
2
i+1C˜i+1
)
(4.19)
γi,i+1 = γi+1,i = −g
2
i+1C˜i+1
16pi3
, (4.20)
for i = 0, ..., N , and all other entries vanish. Setting g2i = g
2
eff for i = 1, ..., N and g
2
0 =
g2N+1 = 0, we can also write this as a 1D Lattice Laplacian with open boundary conditions:
γ = λA

1 −1
−1 2 −1
−1 ... −1
−1 2 −1
−1 1
 , (4.21)
where
λA =
g2effC˜A
16pi3
, (4.22)
with g2eff = (N + 1)
2/3pi2/3, and we have the group theory factor:
C˜G =
fG
h∨GdF
× dimG , (4.23)
with dF the dimension of the fundamental representation of the A-type gauge group G.
Again, operator mixing is dictated by a spin chain Hamiltonian:
HA = −λA
∑
i
(
2
−→
S i · −→S i+1 − 1
2
)
. (4.24)
The main difference from the 4D case is that the constant λA is now fixed by a one loop
computation in the 5D KK-regulated theory.
Now, in spite of these similarities with the 4D case, we also note that the operators
we have been studying are really specified on the tensor branch. Indeed, we now need to
take a decoupling limit so that the transverse momentum P⊥ = 0, as per our discussion
in subsection 2.3. At least in the single impurity sector, this removes all but one of the
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operators, and we are left with the single zero mode:
O˜p=0 = 1√
N + 1
(O0 + ...+ON) . (4.25)
which belongs to the same R-symmetry representation as Opure, namely it is a part of the
same protected supermultiplet.
As a side comment, we can now see a further a posteriori justification for our decoupling
constraint p1 + ... + pI = 0 on the momentum. Observe that if we had allowed additional
excitations in the single impurity sector, these states would be the highest weight states of
a spin (N − 1)/2 representation of SU(2)R R-symmetry, and the putative bare dimension
of the operators in these long multiplets would be 2(N + 1) (see Appendix A). Observe,
however, that in 6D SCFTs, a long multiplet with a scalar of R-charge J has dimension
4J + 6, so in our case we would be asserting that these spin (N −1)/2 states have dimension
greater than 2N + 4, certainly not a small perturbation to 2N + 2 ! Observe also that no
such issue arises with the spin (N − 3)/2 representations since in that case the lower bound
for a long multiplet is 2N , and our operators are well above this bound. Finally, we note
that there is no such gap in scaling dimensions for 4D SCFTs, and this is in accord with the
fact that imposing a decoupling limit is not necessary to reach a 4D fixed point.
Let us now turn to the case of multiple impurities. Much as in the 4D case, the excitations
are characterized by the Bethe Ansatz equations for the ferromagnetic XXXs=1/2 spin chain.
The main distinction is that now, we need to enforce the condition that the net momentum
is zero. Repeating our notation from there, we have the quasi-particle momenta:
exp(ipj) =
µj +
i
2
µj − i2
, (4.26)
and the 6D decoupling constraint reads as (see subsection 2.3):
6D Decoupling Constraint:
I∏
j=1
(
µj +
i
2
µj − i2
)
= 1. (4.27)
Other than this, the form of the solutions provided by the Bethe ansatz is the same. Indeed,
we still have: (
µj +
i
2
µj − i2
)2(N+1)
= −
∏
l 6=j
(µj − µl + i) (µj + µl + i)
(µj − µl − i) (µj + µl − i) , (4.28)
for j = 1, ..., I impurity excitations, and the anomalous dimensions / energy is:
(∆−∆0) = EA = λA
I∑
j=1
(µj), (4.29)
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where now ∆0 = 2(N + 1) and the energy of a given quasi-particle excitation is:
(µ) =
i
µ+ i
2
− i
µ− i
2
. (4.30)
We further note that although λA is quite large, there is a factor of 1/N
2 for small momenta.
This suppresses the corrections to the anomalous dimensions. So, at large R-charge this is
still a small effect. To get a larger effect one could of course insert many impurities.
It is also instructive to work out the explicit spectrum of excitations in the special case
of two impurities. Introducing the rapidities µ1 and µ2, we note that the 6D decoupling
constraint is readily solved by taking µ1 = −µ2 = µ. In this case, the Bethe ansatz equations
collapse to a single relation: (
µ+ i
2
µ− i
2
)2(N+1)
=
2µ+ i
2µ− i =
µ+ i
2
µ− i
2
, (4.31)
so we learn that the associated momenta are given by:
p1 = −p2 = 2pim
2N + 1
, for m = 0, ..., N − 1. (4.32)
We also have the dispersion relation:
(p) = 4 sin2
p
2
, (4.33)
so in this sector we get anomalous dimensions:
(∆−∆0) = λA × 8 sin2 pim
2N + 1
. (4.34)
with m = 0, ..., N − 1.
4.2 More General Spin Chains
Much as in the 4D case, we can also consider operators which exhibit additional mixing. As
one example we can consider operators such as:
Bi =
√
ZBiX0....Xi−1Xi(YiXi)Xi+1..XN . (4.35)
A similar, though combinatorially more involved analysis follows for mixing in this case.
We can also include the “closed-loop” operators:
Ci,i+L =
√
ZCi,i+1Tr(Xi....Xi+LYi+L...Yi), (4.36)
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and we observe a similar local analysis of hopping terms applies. An interesting feature
of the Ci,i+L type operators is that excitations along the spin chain should still produce a
spectrum with spin chain momentum scaling as 1/L. That in turn means that the spectrum
of anomalous dimensions will be controlled by the combination g2eff/L
2. By taking L ∼
N1/3+ε, we see that we get a small expansion parameter. As already mentioned, these
sorts of operators have fluctuations which are visible in the holographic dual. We expect
that beyond one loop order, more involved operator mixing occurs in this sector since it is
neutral under the flavor symmetries of the system.
4.3 More General Quivers
Much as in our discussion of A-type 4D SCFTs, we can also consider a more general class
of 6D SCFTs in which we vary the ranks of the gauge groups as we move across the quiver.
This leads to a more intricate lattice Hamiltonian since there is a “middle region” where the
ranks are constant, and left and right “ramps” where the ranks increase. In fact, the set of
possible ramps is in one to one correspondence with nilpotent orbits of the algebra su(K),
as in references [17, 18, 22]. It would be quite interesting to work out the spectrum of the
lattice Hamiltonian in these cases, but we defer this to future work.
4.4 Little String Theories
Closely related to our A-type quiver gauge theory is the 6D little string theory (LST) obtained
by gauging the diagonal subgroup ofG0×GN+1, and introducing an additional non-dynamical
tensor multiplet [34]. In this theory, there is an intrinsic string scale as associated with the
overall value of the gauge coupling. This provides a different answer on how to “fix the gauge
coupling” in the 5D KK regulated theory: In some sense it is a free parameter as specified
by the little string theory. Now, in this theory the operator Opure =
√ZNX0...XN is no
longer available, but in its place we can construct the closed loop which winds once around
the quiver:
Oloop =
√
ZN+1Tr(X0...XN). (4.37)
We can then work out operator mixing in this theory in much the same way as before. In
this case, we are dealing with a spin chain with periodic boundary conditions. The Bethe
ansatz equations are now given by:
6D LST Case:
(
µj +
i
2
µj − i2
)N+1
=
∏
l 6=j
µi − µj + i
µi − µj − i . (4.38)
And where, as in the case of the 6D SCFT case, we need to take a decoupling limit:
p1 + ...+ pI = 0, (4.39)
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which in terms of the rapidities reads as:
6D Decoupling Constraint:
I∏
j=1
(
µj +
i
2
µj − i2
)
= 1. (4.40)
Of course, in the LST case we do not really have a CFT, or even a local quantum
field theory. Nevertheless, at sufficiently low energies we can characterize the associated
effective field theory in terms of local operators, and our computation reveals that correlation
functions for these local operators are quite similar to those in the closely related 6D SCFT
obtained by decoupling the little string scale. It would be interesting to study this further.
5 SCFTs with Conformal Matter
In this section we show that the structure of generalized quivers with conformal matter points
the way to a similar identification of certain operator subsectors which mix according to a
1D spin chain. With this in mind, we now turn to generalized quivers generated by N + 1
M5-branes probing an ADE singularity. On a partial tensor branch where the M5-branes are
separated in the single direction transverse to the singularity, we get a generalized quiver of
the form:
[G0]−G1 − ...−GN − [GN+1], (5.1)
where here, each gauge group factor corresponds toGi = GADE for all i, with flavor symmetry
factors in the case of i = 0 and i = N + 1. We note that compactifying this theory on a T 2
results in a 4D N = 2 SCFT which is also a generalized quiver [42–44].
In both situations, the geometry of the string realization indicates that there are oper-
ators which still trigger Higgs branch deformations. But as opposed to the case of theories
with A-type matter, in this more general setting, these operators are not weakly coupled
hypermultiplets. This in turn means that the conformal matter will no longer transform in
a doublet representation of SU(2)R R-symmetry. In these cases, we instead have SU(2)R
R-symmetry assignments:
(AK−1, AK−1) (DK , DK) (E6, E6) (E7, E7) (E8, E8)
s 1/2 1 3/2 2 3
. (5.2)
So in this situation it is fruitful to label each Xi as X
(mi)
i where −s ≤ mi ≤ s denotes the
specific spin. Viewed in this way, we can build a protected highest weight state such as:
Opure =
√
ZNX(s)0 ...X(s)N , (5.3)
but we can also entertain a broad class of impurity insertions. We can label these according
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to the SU(2)R R-symmetry indices as:
Om0,...,mN =
√
ZNX(m0)0 ...X(mN )N . (5.4)
We would like to understand operator mixing in a similar fashion to the quivers with
A-type gauge groups. Since we are working to linear order in perturbations, the structure of
these interaction terms are governed by symmetry considerations. In particular, we expect
that the triplet of D-terms for a given vector multiplet are related to these fields as:
DRi,a =
1
s
×
(
X
†(mi)
i S
(mi,nj)
R Ti,aX
(nj)
i +X
(mi)
i−1 S
(mi,nj)
R Ti,aX
†(nj)
i−1
)
+ ... (5.5)
with R = 1, 2, 3 an SU(2)R R-symmetry triplet index. Here, we have also included the
contributions from the Lie algebra generators. In the above, the appearance of the “...”
indicates that we expect higher order terms due to the fractionation of the M5-branes in the
case of D- and E-type conformal matter.
To extract the structure of hopping terms in this case, we now specialize to the case of a
single impurity insertion, so we focus on operators where all but one of the spins are s and
the remaining one has spin s−1. In this case, the calculation is essentially the same as for the
A-type quivers, the only difference is the group theory data associated with bifundamentals
of conformal matter and their associated Goldstone modes.
This is enough to deduce the leading order behavior of the quasi-particle excitations,
labelled by momenta p1, ..., pI for I insertions. We denote by EG({p1, ..., pI}) = ∆ − ∆0
the energy associated with this anomalous dimension, where ∆4D0 = 2s(N + 1) and ∆
6D
0 =
4s(N + 1). We have, in the case of the quiver with G-type gauge group:
EG({p1, ..., pI}) = λG
∑
1≤l≤I
(pi), (5.6)
where, for small lattice momentum p, we have the approximate dispersion relation:
(p) ' p
2
2s
+ ..., (5.7)
where the values of the λG are:
λ4DG =
g2i C˜G
8pi2
(5.8)
λ6DG =
g2effC˜G
16pi3
, (5.9)
and g2eff = (N + 1)
2/3pi2/3. The relevant values of C˜G are summarized in table 1.
To extract a more precise characterization of operator mixing as well as the associated
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SU(K) SO(2K) E6 E7 E8
dimG K2 − 1 K(2K − 1) 78 133 248
dF K K 27 56 248
fG 1/2 1 3 6 30
h∨G K 2K − 2 12 18 30
C˜G
K2−1
2K2
2K−1
2K−2
13
18
19
24
1
Table 1: Relevant group-theoretic quantities appearing in the anomalous dimension.
spin chain Hamiltonian, we now invoke some special structures present in integrable systems.
5.1 Spin Chain Hamiltonians
Thus far we have presented evidence that the one loop corrections to the anomalous dimen-
sions of the large R-charge operators of line (5.4) can be understood via a 1D open spin
chain with nearest-neighbour interactions. We have studied the operators in the A-type con-
formal matter theory in detail, and the main difference between the D- and E-type theories
is that we expect, on general grounds, that there could be additional spin excitations which
contribute to operator mixing.
For the A-type conformal matter theories we have shown that this spin chain consists of
|↑〉 and |↓〉 spin states at each site and has a Hamiltonian:
HA = −λA
N−1∑
i=0
(
2
−→
S i · −→S i+1 − 1
2
)
. (5.10)
As we have already remarked, this is the Hamiltonian of the ferromagnetic XXX1/2 Heisen-
berg spin chain with open boundary conditions, and it is well known that this system is, in
fact integrable!
There have been some suggestive hints that integrability should generically be present
in certain limits of AdS7/CFT6 pairs such as in [33], and our considerations here are in
accord with these observations. Indeed, note that a similar analysis of hopping terms applies
to the B and C type operators, and the latter can be detected in a holographic dual limit;
the theories considered there involve the special case where we have quivers with A-type
gauge groups, though we can expect this to also hold for the D-type case since such systems
can be obtained by introducing orientifold planes into the type IIA setup. For all these
reasons, we expect that the D-type case should also have the same integrable structure in
this operator subsector. This is also similar to what happens in passing from SU(K) N = 4
super Yang–Mills theory to the orientifolded theory with Sp(K) gauge group [57].
Henceforth we will make the reasonable assumption that the spin chain relevant for the
(DK , DK) conformal matter operators is also integrable. Indeed, once this assumption is
made the contributions from the higher order interactions to the Hamiltonian are fixed. In
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this case we are dealing with an open spin chain consisting of N + 1 sites each of which
hosts a spin in the s = 1 representation of SU(2)R, and which has only nearest-neighbour
interactions. Assuming we have an integrable system, this is nothing but the XXXs spin
chain, and one of the triumphs of the algebraic Bethe ansatz is that one can uniquely
determine the form of the Hamiltonian of such a system. With our present conventions it is
given by (see e.g. the review [30]):
HD = −λD
N−1∑
i=0
(
1
2
−→
S i · −→S i+1 − 1
2
(−→
S i · −→S i+1
)2)
(5.11)
where here, the
−→
S i describe spin s = 1 excitations. The relative coefficients of these two
terms are fixed by the condition of integrability. The overall normalization of the coupling
is fixed by the demand that we get the correct dispersion relation. From our normalization
of the generalized D-term potential given in equation (5.5), we expect (p) ' p2/2s, with
s = 1 in the case of G = SO(2K). As we show later in subsection 5.2, this is in accord
with the relation which links the rapidities of the Bethe ansatz to energies of quasi-particle
excitations:
(µ) =
d
dµ
p(µ). (5.12)
The precise form of the dilatation operator would be hard to guess a priori, but we can
motivate the appearance of such a term, at least from the perspective of conformal matter
for D-type theories. Observe that on the full tensor branch, the D-type quivers (For SO(2K)
with K > 4) consist of alternating SO/Sp gauge group factors of the form:
[SO]− Sp− SO − ...− SO − Sp− [SO]. (5.13)
Between each such gauge group factor we have weakly coupled half hypermultiplets in the
bifundamental representation. Viewing each such bifundamental as a spin s = 1/2 excitation,
the composite operator obtained from a product of two such operators transforms in the s = 1
or s = 0 representation. Now, given this, we might attempt to analyze our system in terms
of an XXXs=1/2 spin chain of double the length. If we now perform a block spin decimation
procedure we can instead attempt to work in terms of the composite s = 1 excitations.
Doing so, higher order terms become somewhat inevitable, and the precise form demanded
by integrability is that of line (5.11).
Having come this far, it is now just a further small jump to demand the same structure
also persists in the case of the E-type theories. Indeed, from the perspective of AdS7 ×
S4/ΓADE we expect little difference in our protected subsector, especially between the D-
and E-type cases. With this in mind, we now simply assume that the other cases are
also governed by an integrable XXXs spin chain. Figuring out the dilatation operator
responsible for operator mixing then means determining the corresponding integrable spin
chain Hamiltonian. The end result was obtained using the algebraic Bethe ansatz in [59]
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(see also the review [30], modulo a few unfortunate typos7), and we will take our answer
from there.
The integrable XXXs spin chain for s ≥ 1 has been studied in great detail (see references
[60–62,59,63–65]). The integrable XXXs spin chain Hamiltonian takes the form:
HG = −λG
N−1∑
n=0
Q2s(
−→
S n · −→S n+1) , (5.14)
where G refers to our choice of gauge group, which is linked to a choice of spin s (as already
indicated above) and we remind the reader that we are labelling the (N + 1) sites from 0
to N . The Sn = (S
x
n, S
y
n, S
z
n) are the spin s operators at the n
th site, and Q2s is a degree
2s polynomial. The overall normalization by the pre-factor λG has been chosen so that we
again retain the quasi-particle dispersion relation (p) = p2/2s which is in accord with the
expression:
(µ) =
d
dµ
p(µ), (5.15)
with µ a Bethe ansatz rapidity (see subsection 5.2).
The polynomial Q2s is chosen such that the energy of the ferromagnetic ground state
vanishes, that is,
Q2s(s
2) = 0 . (5.16)
The structure of the spin chain Hamiltonian is then fixed by demanding integrability. As
reviewed in [30] (our presentation follows reference [66]):
Q2s(x) = −2
2s∑
l=0
2s∑
k=l+1
1
k
2s∏
j=0
j 6=l
x− xj
xl − xj , with xl =
1
2
l(l + 1)− s(s+ 1). (5.17)
While reviewing the method of finding this formula would take us too far afield (see
e.g. [30]), we simply note that the appearance of sums and products up to 2s has to do with
taking irreducible representations from the Clebsch-Gordon decomposition s⊗s = 2s⊕...⊕0.
Plugging in for the various cases of interest to us and using the correspondence between
different spin assignments s and the corresponding ADE gauge group (see line 5.2), we get:
QAk(x) = −
1
2
+ 2x (5.18)
QDk(x) = +
1
2
x− 1
2
x2 (5.19)
QE6(x) = −
3
4
− 1
8
x+
1
27
x2 +
2
27
x3 (5.20)
7We thank V. Korepin for helpful comments.
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QE7(x) = −
1
2
+
13
24
x+
43
432
x2 − 5
216
x3 − 1
144
x4 (5.21)
QE8(x) = −
148
125
− 1687
9000
x+
1297
18000
x2 +
593
20250
x3 +
79
97200
x4 − 77
243000
x5 − 1
48600
x6, (5.22)
in the obvious notation. From this, we obtain the nearest neighbor spin chain Hamiltonian
in all cases.
The appearance of higher order spin-spin interaction terms is quite non-trivial but is again
in accord with expectations where we view conformal matter excitations as a “composite
object” built out of small spin excitations.
Having fixed the form of our spin chain Hamiltonian in the uniform case, we can also
conjecture that there is a natural generalization of these considerations in which we allow
a position dependent coupling in the spin chain. This structure is expected in the various
generalized quiver theories. In this setting, we have one final generalization:
H = −
∑
i
λiHi,i+1 , (5.23)
where Hi,i+1 encodes all the nearest-neighbour interactions between the subscripted sites,
and we are now allowing position dependent couplings along the “ramps” of the generalized
quiver. On the plateau with all equal ranks, however, these couplings are independent of the
spin site.
5.2 Bethe Ansatz
The passage to the open XXXs spin chain follows the same path already discussed for the
XXXs=1/2 case, and also follows the presentation given in [30]. The relevant definitions in
this case relating the quasi-particle momenta and rapidities are:
exp(ipj) =
µj + is
µj − is. (5.24)
With conventions as before, the energy / anomalous dimension of an excitation is now given
by:
(∆−∆0) = EG = λG
I∑
j=1
(
i
µj + is
− i
µj − is
)
, (5.25)
where ∆0 = 4s(N + 1), and the specific values of the rapidities are fixed by the Bethe ansatz
equations: (
µj + is
µj − is
)2(N+1)
= −
∏
l 6=j
(µj − µl + i) (µj + µl + i)
(µj − µl − i) (µj + µl − i) . (5.26)
As before, we can also consider the case of periodic boundary conditions, corresponding to
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a little string theory. In that case, the relation between energies and rapidities is unchanged,
but the rapidities now satisfy the equation:
6D LST Case:
(
µj + is
µj − is
)N+1
=
∏
l 6=j
µi − µj + i
µi − µj − i . (5.27)
Again, we remark that in the LST case we do not have a genuine local quantum field theory,
but the correlation functions of the low energy effective field theory are nevertheless well
captured by the same structure as their closely related 6D SCFT cousins.
So far, we have focused on some general features of the XXXs spin chain and its spectrum
of excitations. Now, in the specific application to 6D SCFTs as well as 6D LSTs, we need
to impose a further constraint to achieve a proper decoupling limit, namely, we need to set
(see subsection 2.3):
6D Decoupling Constraint: p1 + ...+ pI = 0, (5.28)
which in terms of the rapidities reads as:
6D Decoupling Constraint:
I∏
j=1
(
µj + is
µj − is
)
= 1. (5.29)
We again note that in the 4D theories we do not impose this constraint since we have a
marginal coupling available which allows us to tune the operator spectrum close to the free
field limit.
5.3 Two Impurity Sector for 6D SCFTs
To close this section, we consider in more detail the case of 6D SCFTs with two impurity
insertions, much as we did in section 4. We observe that just as in the A-type quiver
gauge theories, our system of equations collapses to a single condition under the assumption
µ = µ1 = −µ2. The remaining Bethe ansatz equation is then given by:(
µ+ is
µ− is
)2(N+1)
=
µ+ i
2
µ− i
2
. (5.30)
The case of s > 1/2 is somewhat more challenging to solve than the s = 1/2 case considered
in equation (4.32). To proceed further, it is convenient to perform a formal expansion in
powers of 1/N as well as 1/s. Doing so, we find that the momentum p = p1 = −p2 satisfies:
p =
2pim
2N + 2
(
1 +
1
2s
1
2N + 2
+ ...
)
, (5.31)
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where m = 0, ..., N . The energy in the two impurity sector is then given by:
(∆−∆0) = EG = λG × 4
s
sin2
p
2
, (5.32)
where ∆0 = 4s(N + 1), and we remind the reader that
λG =
(N + 1)2/3pi2/3C˜G
16pi3
. (5.33)
6 Conclusions
The study of 6D SCFTs has led to great progress in the understanding of quantum field
theory. This is all the more remarkable considering that the only known realizations of such
theories rely on string theory. In this paper we have used the generalized quiver description
of 6D SCFTs to extract some information on the operator content of these theories. We have
also applied a similar set of tools in the case of 4D SCFTs obtained from compactification
of their partial tensor branch deformations on a T 2. In particular, we have argued for
the existence of nearl protected operator subsectors at large R-charge which have scaling
dimensions controlled by a perturbation series in inverse powers of the R-charge. Introducing
a 5D KK regulator for 6D SCFTs, we have shown how to extract a corresponding operator
mixing matrix. In the case of quivers with A-type gauge groups, we have shown that this leads
to a mixing matrix which is mathematically identical to the XXXs=1/2 Heisenberg spin chain
with open boundary conditions. Moreover, by appealing to the similar structure present in
generalized quivers with D- and E-type gauge groups we have extended our considerations
to these cases as well. Assuming the existence of the corresponding integrable structures, we
have shown how to extract the operator scaling dimensions for certain subsectors of our 6D
SCFTs. In the remainder of this section we discuss some avenues of future investigation.
In this paper we have mainly focused on the spectrum of excitations above the “ground
state” operator given by Opure =
√ZNX0...XN . We have also seen that similar operator
mixing effects exist for other protected and “nearly protected” operators. It would be very
interesting to extract the spectrum of anomalous dimensions for these cases as well.
Focusing on the case of quivers with A-type gauge groups, we have also observed that
there is another natural class of spin chain Hamiltonians which we obtain by allowing position
dependent coupling constants. This can occur because such quivers can have long “ramps”
in which the ranks of gauge groups slowly increase as we reach the interior region of a
long quiver. Developing a suitable extension of the Bethe ansatz in such situations is an
immediate goal in this direction.
One of the general messages of this work is that the appearance of spin chains in these
systems is in close accord with the quiver-like structure of these theories. Given this, it
is tempting to consider Higgs branch flows which connect these theories to the N = (2, 0)
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SCFTs, and in so doing, extract additional details on the resulting operator content.
There is a natural generalization of our results to a broader class of spin excitations.
Treating the operator Opure =
√ZNX0...XN as the ground state for our spin chain, we
can ask about the effects of adding more general sorts of impurity excitations, as captured
by the complexification of the superconformal algebra osp(8∗|1). The related question has
already been discussed in the context of N = 4 super Yang–Mills in reference [31, 67], and
we can adapt these considerations to the present case. The more general sorts of impurities
correspond to swapping out an Xi for a covariant derivative insertion such as DµXi, as
obtained from an excitation in the so(6, 2) ⊂ osp(8∗|1) subalgebra. Additionally, we can
insert fermionic states which are associated to the Z2 odd part of the superalgebra. In
fact, the relevant spin chain analysis for this superalgebra has been carried out both for
periodic [68] and open boundary conditions [69]. This will likely provide a point of entry for
accessing more precise information on the spectrum of operators in 6D SCFTs. There are
other natural operator sectors which appear amenable to a spin chain analysis. It would be
interesting to also cast these cases in the language of integrable super spin chains.
We have mainly focused on the leading order effects in perturbation theory, but one can
also entertain extending this analysis to higher orders in perturbation theory, as associated
with next to nearest neighbor interactions. At least in the limit of large R-charge, we again
have a perturbative expansion parameter, so we can in principle contemplate the form such
operator mixing effects must take.
From the perspective of top down constructions, the 6D SCFTs considered here are all
realized as edge modes in a higher-dimensional system. Lifting our discussion of integrability
to this setting suggests a potential way of arguing from first principles for the appearance
of such integrable structures. It would be interesting to develop this perspective and ex-
plore potential connections to recent higher-dimensional perspectives on integrability such
as references [70–73].
The appearance of integrable 1D spin chains in 6D SCFTs is by itself quite intriguing.
It is also natural to consider possible deformations of such integrable systems, and their
relation to deformations of 6D SCFTs. This would likely lead to an improved understanding
of more general phenomena associated with quantum fields in diverse spacetime dimensions.
Acknowledgements
We thank V. Korepin for helpful correspondence. We thank M.J. Kang for comments on
an earlier draft. The work of FB is supported by the Spanish Research Agency (Agencia
Estatal de Investigacio´n) through the grant IFT Centro de Excelencia Severo Ochoa SEV-
2016-0597, and by the grant PGC2018-095976-B-C21 from MCIU/AEI/FEDER, UE. The
work of JJH and CL is supported by a University Research Foundation grant at the University
of Pennsylvania.
41
A 6D Superconformal Unitary Representations
The six-dimensional N = (1, 0) superconformal algebra is given by osp(8∗|1). The bosonic
subalgebra is so(6, 2) ⊕ sp(1)R. By convention, we choose half -integers, J ∈ N/2, to label
R-symmetry representations of sp(1)R ' su(2), and integer valued Dynkin labels, [j1, j2, j3],
for representations of the Lorentz group. We refer to [49, 58] and references therein for
more details on the construction of unitary representations of the superconformal algebras
in various dimensions.
A generic six-dimensional superconformal multiplet is denoted by:
χ[j1, j2, j3]
J
∆ , (A.1)
with ∆ the dimension of the superconformal primary. Unitarity imposes restrictions on the
possible values of the dimension of a multiplet. For a long multiplet, L, it imposes a bound
from below:
L[j1, j2, j3]J∆ : ∆ > 4J +
1
2
(j1 + 2j2 + 3j3) + 6 , (A.2)
In addition to long multiplets there exist short multiplets with conformal dimensions set by
the R-symmetry and Lorentz quantum numbers. The simplest are A-type multiplets, short
multiplets at threshold:
A[j1, j2, j3]J∆ : ∆ = 4J +
1
2
(j1 + 2j2 + 3j3) + 6 , (A.3)
In six dimensions there are then three additional isolated short multiplets. In these cases
there exist superconformal descendants that are annihilated by specific combinations of the
supercharges, allowing for a conformal dimension below that of a long multiplet:
B[j1, j2, 0]J∆ : ∆ = 4J +
1
2
(j1 + 2j2) + 4 , (A.4)
C[j1, 0, 0]J∆ : ∆ = 4J +
1
2
j1 + 2 , (A.5)
D[0, 0, 0]J∆ : ∆ = 4J . (A.6)
The superconformal primary of D-type multiplets is annihilated by half of the supercharges
and therefore is 1/2-BPS.
B One Loop Diagram
In this Appendix we evaluate:
I(x) =
∫
dDz
|x|4∆
|x− z|4∆|z|4∆ . (B.1)
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Working in Euclidean signature, we can write:
I(x) =
Max∫
Min
|z|D−1 d |z|
pi∫
0
sinD−2 θdθ
∫
SD−2
dΩD−2
|x|4∆
|z2 + x2 − 2|z||x| cos θ|2∆ |z|4∆ . (B.2)
Making the substition:
z = u |x| , (B.3)
we have:
I(x) =
|x|D
|x|4∆
Max∫
Min
|u|D−1 d |u|
pi∫
0
sinD−2 θdθ
∫
SD−2
dΩD−2
1
|u2 + 1− 2 |u| cos θ|2∆
1
|u|4∆ . (B.4)
Now, at u→∞, the integral converges. However, at u→ 0, we get a divergent contribution
which needs to be cutoff. The natural choice is to take the lower limit of the d |u| integral
to be |x|Λ. In fact, we are mainly interested in the |x| dependence of this integral, so it is
enough to just compute the derivative:
J(x) ≡ ∂
∂(|x|Λ)
Max∫
Min
|u|D−1 d |u|
pi∫
0
sinD−2 θdθ
∫
SD−2
dΩD−2
1
|u2 + 1− 2 |u| cos θ|2∆
1
|u|4∆ (B.5)
= −(|x|Λ)
D−1
||x|Λ|4∆ ΩD−2
pi∫
0
sinD−2 θdθ
1
|(|x|Λ)2 + 1− 2(|x|Λ) cos θ|2∆ . (B.6)
We note that we only care about the logarithmic contributions to I(x).
Consider first the evaluation in D = 4, in which case ∆ = 1. In that case, the angular
integral also trivializes and we get:
D = 4 : I(x) = −(Ω3)× log(|x|Λ) + ..., (B.7)
where Ω3 = 2pi
2 denotes the volume of a unit radius S3.
Next, consider the evaluation in D = 6. The situation here is more subtle because a free
hypermultiplet does not really participate in an interacting fixed point. As argued in [21]
as well as in the main body, the natural choice is to actually make the formal substitution
∆ = 3/2. This is acceptable because we only work with composite operator expressions
anyway. Note that when we do this, we also get a small anomalous dimension contribution.
In this case, we again get a logarithmic contribution to I(x), and we end up with:
D = 6 : I(x) = −(Ω5)× log(|x|Λ) + ..., (B.8)
where Ω5 = pi
3 denotes the volume of a unit radius S5.
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